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ABSTRACT: Gold standard immunoassays depend on specific
affinity reagents for accurate molecular quantification. Any cross-
reactivity of affinity reagents, wherein the reagent nonspecifically
binds to unintended molecules, can create false positive binding
signals and result in inaccurate quantification of analytes. Mitigating
cross-reactivity represents one of the greatest challenges in
molecular diagnostics, and remains an unsolved problem. To
mitigate the burden of cross-reactive reagents, we present a
mathematical framework that uses generalized binding equations
and noise estimation to enable the accurate use of multiple cross-
reactive reagents for molecular quantification. As a proof of concept, we experimentally demonstrate accurate 2-plex quantification of
a small molecule for which no specific affinity reagents are available, even in the presence of high concentrations of a cross-reactive
molecule in 10% human serum. This robust schema yields well-defined bounds of quantification that make it easier to assess the
quality of assay results, and predicts conditions under which assay performance is likely to break down. This work turns cross-
reactive affinity reagents, which are conventionally unused, into a tool for achieving accurate quantification of analytes.

■ INTRODUCTION
The ability to accurately measure medically relevant analytes
can provide valuable insights into disease status and
therapeutic response. Existing molecular quantification assays
such as immunoassays achieve accurate molecular quantifica-
tion through the use of highly specific affinity reagents. Affinity
reagents that exhibit cross-reactivity, wherein the reagent binds
to unintended molecules, produce false positive binding signals
that hinder the accurate quantification of protein and small-
molecule analytes.
Despite this reliance on specificity, even antibodies, which

are a benchmark for affinity reagents, suffer from cross-
reactivity. For example, a large scale study of 11,000 antibodies
found that over 95% exhibited cross-reactive binding, often to
nontarget analytes that are highly abundant or shared sequence
homology.1 A more recent study of 153 antibodies observed
that 84% were cross-reactive�and notably, about 47% of these
unintended analytes bound even more strongly than the
intended target protein itself, posing a substantial obstacle to
accurate quantification.2 Unfortunately, researchers often
incorrectly assume that reagents are specific and thus
inadvertently dismiss cross-reactive signals as constant back-
ground signals, leading to inaccurate conclusions.3 Cross-
reactivity thus poses a serious obstacle for diagnostic accuracy
and sensitivity�a problem that is only exacerbated as
multiplexed immunoassays scale up.4

Several methods have been developed that attempt to
mitigate the effects of cross-reactivity through both assay
design and affinity reagent development methods. For example,

the enzyme-linked immunosorbent assay (ELISA) format,
which relies on the recognition of different epitopes by
multiple affinity reagents, is a widely used assay for detecting
specific analytes while also reducing the effects of affinity
reagent cross-reactivity.3−5 Unfortunately, smaller analytes,
such as short peptides (e.g., hormones) and small molecules
(e.g., drugs and metabolites), often lack multiple epitopes that
can be recognized simultaneously, and thus depend on single-
reagent assays such as competitive ELISAs. For these assays,
the accuracy of the readout is entirely dependent on the
availability of high-specificity reagents. However, developing
such reagents is extremely challenging, especially for low-
molecular-weight analytes, and remains an unsolved problem
for many important biomarkers.6−8 Some studies have
explored the use of cross-reactive reagents in assay design, an
approach often referred to as ”chemical noses”,9 and others
have applied machine learning techniques such as PCA or
neural networks for qualitative classification of molecular or
disease states. However, these methods remain largely
qualitative and useful only for classification and lack
quantitative experimental validation.10−13 Although some
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quantitative strategies have been proposed, they involve
complex setups and remain theoretical with no experimental
demonstration.12,13 As such, there is an urgent unmet need for
strategies that can achieve accurate analyte quantification even
if the affinity reagents themselves inevitably retain some level
of cross-reactivity.
As a solution to the cross-reactivity problem, we have

developed a mathematical framework for accurate quantifica-
tion that is robust against the cross-reactivity of affinity
reagents. To our knowledge, this is the first such approach
described in literature. Our framework makes use of three
features: (1) a generalized equilibrium-based model14,15 to
account for cross-reactivity, (2) the use of multiple affinity
reagents to resolve the contributions of individual analytes, and
(3) a mechanism accounting for noise to ensure robust
measurement and solution stability. We have experimentally
validated our approach with a fluorescence-based assay to
quantify kynurenine (kyn), a small-molecule metabolite, for
which no specific affinity reagent is available. Using cross-
reactive affinity reagents, we quantified kyn in solution in the
presence of moderate to high concentrations of cross-reactive
nontarget interferent. As expected, a conventional model16 for
analyte-reagent binding that does not account for cross-
reactivity provided highly inaccurate results with deceptively
narrow ranges of quantification. Conversely, using our
framework, we were able to accurately determine a narrow
concentration range for kyn despite even higher concentrations
of cross-reactive interferent. We then applied our framework to
measure spiked kyn levels in 10% serum and observed similarly
improved quantification. This result highlights the stability of
our approach in complex media, even with an unoptimized
assay. Finally, we show that our framework can predict the

quantitative precision of such cross-reactive assays in a visually
intuitive fashion, which makes it possible to both identify
scenarios in which such assays can achieve robust quantitation
and identify opportunities for further optimization of assay
performance. Our work thus offers an avenue for achieving
robust analyte quantification even with cross-reactive affinity
reagents, allowing for enhanced molecular measurements
without relying on stringent affinity reagent selection or
complex assay design.

■ MATERIALS AND METHODS
Generalized Model Derivation and Assumptions for

Cross-Reactive Affinity Reagents. Our mathematical
framework is applicable for any number of reagents (m) and
analytes (n), although we highly suggest keeping m ≥ n to
avoid an under-determined system of equations and minimize
the ROQ. Here, we provide a generalized model and its
derivation for the signal output si from a cross-reactive affinity
reagent Ai (i ranges from 1 to m), which can bind to n analytes
Tj (j ranges from 1 to n). Each of these n interactions has a
respective association constant of KA

i,j

+ · =
[ ]

[ ][ ]
H IooA T A T K

A T

A T
wherei j

K
i j A

i j i j

i j

,A
i j,

(1)

At equilibrium, the fraction of analyte Tj bound to Ai is a
function of all interactions of Ai with all n analytes. To simplify
all the possible binding dynamics, we assume the following: Ai
can only bind to a single analyte at a time, analyte
concentrations [Tj] are significantly greater than the sum of
all affinity reagent concentrations [Ai], and there is only a

Figure 1. Signal output from a cross-reactive affinity reagent is greatly affected by the concentration of nontarget analyte. (a) An affinity reagent, A1
(aptamer in this cartoon) can bind to both the target analyte (T1) and a cross-reactive analyte (T2). When incubated with a mixture of T1 and T2,
A1 produces a signal s1 that is composed of contributions from both T1 and T2. (b) The dynamic range of the signal intensity s1 from reagent A1
decreases with increasing [T2]. Colors represent different values of [T2] relative to the reagent’s association constant, KA

1,2. (c, d) Heatmap of signal
across the feasible range of [T1] and [T2] for (c) reagent A1, with KD

1,1 = 10 mM, KD
1,2 = 0.1 mM and (d) reagent A2 with KD

2,1 = 0.1 mM, KD
2,2 = 10

mM. The color scale represents the normalized signal s1 and s2 from each affinity reagent, where blue is no signal (=0) and yellow is saturated
binding (=1). The red cross indicates an example concentration where both [T1] and [T2] are 0.1 mM. Red and orange curves in c and d
respectively illustrate the range of possible concentrations that could produce the same output signals. (e) The overlap of these curves is the
solution for [T1] and [T2] given the indicated values of s1 and s2 from A1 and A2, respectively.
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single KA
i,j for each Ai binding to Tj.

14,15 As such, the fraction of
Ai bound to Tj is derived as follows
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A normalized signal output from Ai will be a sum of fractions of
Ai bound to Tj
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Combining eqs 2 and 3 yields the following

=
[ ]

+ [ ]
=

[ ]

+ [ ]= =

=

=
s

K T

K T

K T

K T1 1i
j

n
A
i j

j

x
n

A
i x

x

j
n

A
i j

j

j
n

A
i j

j1

,

1
,

1
,

1
,

(4)

which describes the total signal output for Ai in a solution of n
analytes. Note that when we assume there is only one analyte
(n = 1), eq 4 reduces to the Langmuir isotherm.17 As we
already assume that [Tj] ≫ [Ai], we also assume that the
interactions of m other affinity reagents negligibly reduces the
free Tj in solution, and thus any other affinity reagent Ai will
follow the same equation as eq 4.

Solving for the Upper and Lower Bounds of
Concentrations. To calculate lower and upper bounds on
all analyte concentrations, we assume that we have access to
reliable upper and lower bounds for every signal readout si.
Our approach is a formalization of the visually intuitive
approach of Figure 1, where each affinity reagent’s signal si
defines a set of analyte concentration combinations that could
feasibly generate that signal. Overlapping these feasible sets
thus defines the solution set of analyte concentrations that can
explain all measurements. To determine this solution set
mathematically, we begin by formally describing it using linear
constraints (inequalities of the format ∑j=1

n αj[Tj] ≤ β with
some values αj and β). We then determine the solution set’s
extremes (i.e., lower and upper bounds for each analyte
concentration) using off-the-shelf convex optimization solvers.
These solvers have the advantage that they guarantee
convergence to the same optimal solution.
Convex optimization solvers work on convex sets (i.e.,

contiguous shapes without any dents). The solution set forms
such a convex set when plotted on a linear scale rather than a
logarithmic one. To formally construct the solution set, we
reshape all of our constraints into a linear format to yield linear
constraints on the analyte concentrations and then sequentially
apply them. These linear constraints can be thought of as
cutting the space along a plane, and removing everything that
is on the wrong side of the plane.
We begin constructing our convex set using the solubility

limits 0 ≤ [Tj] ≤ [Tmax,j]. The lower limits of 0 ≤ [Tj] cut the
space along the zero-plane of every dimension, leaving only the
positive concentrations. Adding the upper solubility limits [Tj]
≤ [Tmax,j] turns the space of feasible concentrations into a
(hyper)rectangle.
Next, we convert the upper and lower bounds on the

readout si into linear constraints on [Tj]. For notational
brevity, we rewrite eq 20 as

i

k
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Because f is monotonically increasing for positive x, there exists
an inverse function f−1, which we can utilize to gain linear
constraints on the analyte concentrations
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As an aside, if f is monotonically decreasing (e.g., for a signal-
off binder), the inequalities change to be
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(8)

We can now cut our feasible space based on these linear
constraints. Whereas the solubility limits were parallel with the
axes, these linear constraints are more diagonal. In summary,
our convex shape is described by the following constraints
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Having described the convex shape, we can query its properties
using a convex optimization solver, such as CVXPY.18,19 The
properties we care about for the purposes of this paper are the
minimum and maximum values of each analyte concentration
within the solution set. To find these values for a given analyte
Tk, we solve the following convex problems1

[ ]
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1

1

, 1

j

(10)

Note: To solve for ranges of quantification using the
conventional naiv̈e Langmuir model (as used for comparison
in the experimental results) we pretended every analyte had a
monospecific affinity reagent. We set the KA values of SK1 for
xa and of XA1 for kyn to zero, and then used the same
methods as above.

Reagents. DNA aptamers and displacement strands were
chemically synthesized by Integrated DNA Technologies
(IDT) with high-performance liquid chromatography
(HPLC) purification (see SI Table S9 for sequences). L-
Kynurenine (K8625) and xanthurenic acid (D120804) were
ordered from Sigma-Aldrich.

Assay Characterization via Plate Reader. Aptamers and
displacement strands were developed and characterized in
previously published work.7 These affinity reagents were
selected to undergo a conformational change upon binding
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to an analyte. Thus, when the aptamer is functionalized with a
fluorophore (FAM) and the displacement strand function-
alized with a quencher (Black Hole Quencher 2), such binding
events produce a fluorescence increase that can be read in a
conventional plate-reader-based assay. We followed the same
plate-reader-based assay with minor modifications. For initial
stock solutions, analytes were dissolved in selection buffer (20
mM TrisHCl, pH 7.0, 30 mM NaCl, 5 mM KCl, 1 mM
MgCl2, and 0.01% tween-20) at a concentration of 5 mM for
kyn or 2 mM for xa. These were then serially diluted down to
0.123 μM kyn or 0.013 μM xa for binding curve
concentrations. Master mixes of aptamer and displacement
strand were created as a 10× solution of 500 nM aptamer and
2 or 1.25 μM displacement strand for XA1 and SK1,
respectively. These mixtures were then preannealed in 100
μL aliquots by holding at 95 °C for 5 min and dropping by 1
°C every 30 s until reaching 4 °C in a Mastercycler X50
(Eppendorf).
To create the sample mixtures, 6 μL of 10× annealed master

mix was combined with 54 μL of 1.1× concentrated target in
96 well, semiskirted, LoBind twin.tec PCR plates (Eppendorf)
for a total volume of 60 μL at 1× master mix and 1× target
concentration. No-analyte controls were set up by adding 1×
selection buffer instead of analytes. After sealing the plate, the
samples were incubated on a shaker for 30 min in the dark at
room temperature. A multichannel pipet was used to mix each
sample before transferring 50 μL of each sample to Corning
96-well half a rea black-bottom polystyrene microplates
(Thermo Fisher Scientific) for measurements at 25 °C on a
Synergy H1 microplate reader (BioTek), with a filter cube
(emission: 590/35, excitation: 538/63, gain: 55).
For the filtered serum mixtures, the same master mixes were

prepared. Kyn and xa were dissolved in 1× selection buffer at
concentrations of 50 mM and 2 mM, respectively. To create
the samples, 6 μL of 10× annealed master mix was combined
with 6 uL of 0.2 μm filtered, pooled human serum (BIOIVT)
and 48 μL of 1.25× concentrated target in 96 well, semiskirted,
LoBind twin.tec PCR plates (Eppendorf) for a total volume of
60 μL at 1× master mix, 10% filtered serum, and 1× target
concentration. The same protocol as above was followed for
incubations and measurements.

Calculation of Assay Error Profile and Background
Signal. To estimate the standard deviations we would expect
from a given measurement, we assume that there are two
sources of variance in our measurements. First, a constant
background variance bg, second, a variance that scales with
signal output according to a coefficient of variance =CV

sk
.

We then assume that these sources of variance are
independent, such that the variance of a signal sk is simply
the sum of both sources of variance

= · +Var CV s bg( )k k
2 (11)

To estimate these two parameters bg and CV, we first
normalized the signals from the binding curve/analyte-free
controls as described in the 3-PL curve fitting section in the SI.
For each sample, we then calculated the average sk̅ and variance
Vark based on triplicate measurements. Finally, we determined
bg and CV by solving the following optimization problem

· +
=

Var CV s bgMinimize ( (( ) ))
bg CV k

K

k k
, 1

2 2

(12)

where k is the index for the samples. For a given signal si, we
can now estimate the sample standard deviation and Δsi from
eq 20

= = · + =SD Var CV s bg s t
SD

R
( ) , andi i k i

i2

(13)

where R is the number of measurement replicates we are
simulating, and t is the 97.5 percentile of the t-distribution with
(R − 1) degrees of freedom.

■ RESULTS AND DISCUSSION
A Model for Cross-Reactive Affinity Reagents. To

begin, we provide a model that describes the total signal output
si from an affinity reagent Ai in a solution of n analytes. When
cross-reactive, Ai can bind to any one of the n analytes Tj at a
time, where j ranges from 1 to n. Each of these n interactions
occur with a distinct association constant KA

i,j, and can be
depicted as follows

+ · =
[ ]

[ ][ ]
H IooA T A T K

A T

A T
wherei j

K
i j A

i j i j

i j

,A
i j,

(14)

By controlling the total input concentration of Ai, we can keep
[Ai] to be much less than [Tj]. Assuming that Ai also binds to
one analyte at a time, we can model the system equilibrium
and derive the following expression for the normalized output
signal si from the reagent Ai (see Materials and Methods
section for details on these assumptions)

=
[ ]

+ [ ]
=

=
s

K T

K T1i
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A
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j

j
n

A
i j

j
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,

1
,

(15)

For simplicity, we analyze and visualize this model (and our
framework) in the context of a cross-reactive affinity reagent A1
binding to just two analytes: A desired analyte T1, and an
interferent analyte T2 (Figure 1a). In this case, the output
signal s1 from reagent A1 reduces to

= [ ] + [ ]
+ [ ] + [ ]

s
K T K T

K T K T1
A A

A A
1

1,1
1

1,2
2

1,1
1

1,2
2 (16)

Since A1 can bind to both T1 and T2, s1 is a function of
contributions from [T1] and [T2] (Figure 1a).

In Figure 1b, we plot eq 16 for [T1] at different
concentrations of T2 (which is also a function of the
association constants KA

1,1 and KA
1,2). As [T2] increases, the

lower limit of the [T1] to s1 binding curve shifts upward (i.e.,
the magnitude of s1’s response to an increase in [T1] also
depends on [T2]). This shift in the lower limit of the signal
highlights the cause for concern if [T2] changes or is not
expected to affect s1, as in the case when assuming specificity
with the conventional Langmuir isotherm (when [T2] = 0).17

To further elucidate the effect of different combinations of
[T1] and [T2] on the signal s1 from A1, we have plotted eq 16
as a two-dimensional heatmap for a scenario in which our
affinity reagent binds to T1 and T2 with equilibrium
dissociation constants KD = 1/KA of 10 mM and 0.1 mM,
respectively (Figure 1c). Given only the value of s1, we cannot
accurately determine a value for [T1] or [T2], as eq 16 yields a
wide set of solutions that form the red highlighted L-curve
shown in Figure 1c. In this example, [T1] could range from 0
to 10 μM.
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To narrow the possible space of concentrations for T1 and
T2, we can introduce another affinity reagent, A2, to provide an
additional signal, s2. For s2 to be useful, the additional affinity
reagent must exhibit distinct binding preferences for the two
analytes from A1. Specifically, their KA values must be linearly
independent (i.e., KA

1,1KA
2,2 ≠ KA

1,2KA
2,1). This means that the

binding profiles of the reagents cannot be simple scalar
multiples of each other.
Assuming the affinity reagent concentrations are much lower

than the analyte concentrations, the signal from each affinity
reagent can be handled separately. Since the KA values in our
example are linearly independent, the solution space for A2 is
different from that of A1 (Figure 1d). By using both affinity
reagents to measure the same mixture of two analytes, we
obtain two signals that correspond to the L-curves highlighted
on the two heatmaps. Superimposing these curves, the overlap
point represents the space of [T1] and [T2] that simultaneously
explains the signal s1 from A1 and the signal s2 from A2 (Figure

1e). The concentration of the sample can now be resolved
analytically to show that [T1] and [T2] in this example are both
0.1 mM.

This approach of overlapping signals from affinity reagents is
theoretically applicable to an arbitrary number (M) of affinity
reagents and analytes using eq 152. In such cases, it is not
necessary for all reagents to cross-reactively bind to all analytes.
Rather, the set of binding profiles (represented by the KA
matrix, where each row holds the individual association
constants of one reagent to all characterized N analytes)
must collectively provide enough diversity to uniquely resolve
each analyte’s contribution. To ensure quantitative deconvo-
lution, the KA matrix must have linearly independent columns,
and its determinant must be nonzero when the number of
reagents equals the number of analytes. In practice, we
recommend using equal to or more reagents than targets (M ≥
N) to improve robustness and reduce sensitivity to measure-
ment noise.

Figure 2. Experimentally assessing our quantification framework with cross-reactive affinity reagents. (a) Normalized binding curves for affinity
reagents SK1 (red) and XA1 (orange) to kynurenine (kyn; solid lines) and xanthurenic acid (xa; dashed lines) (n = 3). (b, c) Signal heatmaps with
feasible analyte concentrations from (b) SK1 and (c) XA1. Color scale shows normalized signal intensity. Highlighted L-curves (red and orange)
indicate 95% confidence intervals for feasible analyte concentrations that could yield the normalized signal produced in the presence of 1 mM kyn
and 3 μM xa (marked with a red cross). (d−h) Overlapped 95% confidence interval curves produced by the two affinity reagents at the same kyn
concentration (1 mM) but increasing xa concentrations. Input concentrations are indicated above each plot. Lower panel of (d) shows a magnified
view of the overlapping region, with a bar indicating the estimated kyn concentration range. (i) Estimated concentration ranges of kyn for each
sample mixture using our method (orange), compared to the naiv̈e assumption of specificity (blue). Red crosses mark the true input concentration
(1 mM kyn). Exact values are presented in SI Tables S3 and S4.
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As we increase the number of analytes and affinity reagents
beyond two, the solution space from each analyte is unlikely to
neatly overlap in a single point due to the compounded effects
of noise, such that analytical solutions become intractable. This
means that analytical solutions using eq 15 are only
dependable when the noise is negligible (see SI), and we
must incorporate noise into our framework.

Accounting for Noise Improves the Ability to Find a
Solution for Analytes. It is essential to account for the
sample noise profiles associated with these signals to robustly
resolve the analyte concentrations. To incorporate noise into
our model, we derive the 95% confidence interval for the
measurement signals. We use measurement replicates si,r to
define upper and lower bounds on the mean signal si̅, which
contains the true noise-free signal si,true with a probability of
95%. We assume that our noise follows a Gaussian distribution
w i t h s ome s t a nd a r d d e v i a t i o n σ , s u c h t h a t
s s( ) (0, )i i r,true ,

2 .
With R replicate measurements, we calculate the 95%

confidence interval by first computing the mean signal intensity
of our measured samples si̅
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and the sample standard deviation SDi
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We can then denote the 95% confidence interval as
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with t being the 97.fifth percentile of the t-distribution with (R
− 1) degrees of freedom. Defining =s ti
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This confidence interval results in a thickening of the plotted
curve, which encompasses the true analyte concentrations
within a 95% confidence interval. The overlap of these broader
curves for all the affinity reagents defines a set of analyte
concentrations that, while not having any statistical guarantees,
in practice usually includes the true analyte concentration
while also accounting for measurement noise.
We can then solve for the upper and lower bounds of each

analyte’s concentration range. In order to visualize concen-
trations spanning several orders of magnitude, we have been
plotting this solution space on a log−log scale. However, we
can more easily solve for these bounds mathematically in the
linear domain. We have therefore reformulated eq 20 above
into a constraint on a linear combination of the analyte
concentrations [Tj]
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We can further constrain the size of the solution space by
adding another set of inequalities that capture the physical

limits of each molecule Tj, which range from 0 to the solubility
limit Tmax,j. These limits can also be further constrained by
other physiological bounds. Based on these linear constraints,
we can use off-the-shelf convex optimization solvers to
calculate the range of concentrations expected for each analyte
(see Materials and Methods section).

Experimental Validation of Our Model to Quantify
Analytes with a Pair of Cross-Reactive Affinity
Reagents. To experimentally verify our approach, we
performed an assay to quantify the tryptophan metabolite
kynurenine (kyn), for which no specific affinity reagent exists.
We used affinity reagents by Yoshikawa and Wan et al. that
were developed to specifically bind to many structurally similar
metabolites within the kynurenine pathway including xanthur-
enic acid (xa),7 although none were found to be specific only
to kyn. Specifically, we used a cross-reactive reagent (SK1) that
binds to both kyn and xa, and a xa-specific affinity reagent
(XA1). Employing the same fluorescence assay protocol used
in that prior work, we quantified kyn in the presence of xa.

We first re-established the KD of the affinity reagents for
both analytes. We confirmed that SK1 is indeed cross-reactive,
with a KD of 0.13 mM for xa and ∼10-fold poorer affinity for
kyn (KD = 1.98 mM, Figure 2a). We also determined that XA1
has a KD of 0.64 and 264 mM for xa and kyn, respectively. We
note that 264 mM is far beyond the kyn solubility limit, so XA1
can be considered a highly selective affinity reagent. These
values are comparable to those reported by Yoshikawa and
Wan et al. (SI, Tables S1−S2).

As an initial demonstration of our capacity for kyn
quantification in the presence of xa, we created five samples
in which the concentration of kyn was maintained at 1 μM,
while the concentration of xa ranged from 3 to 316 μM. Based
on the KD fits, we can plot signal heatmaps for both SK1
(Figure 2b) and XA1 (Figure 2c), alongside the feasible
concentrations from their respective signal readouts (Figure
2d−h). We can then convert these measurements into lower
and upper bounds for the concentrations of kyn and xa using
our above-described quantification method. For example, with
an input concentration of 1 mM kyn and 3 μM xa, we obtained
the signal shown in Figure 2b,c. Using the signal from each
affinity reagent by itself, we observe a wide range of possible
kyn concentrations, spanning from 0 to 3 mM. By combining
the information from both affinity reagents using our
framework (Figure 2d), we can greatly narrow down the
feasible kyn concentration. The true concentration of kyn (1
mM) falls within the calculated bounds of the overlapped
curves (0.87−1.25 mM), which produces a narrow range with
log error (log10(measured) − log10(true)) ranging from −0.06
to 0.10 (Figure 2i).

To assess the performance of our model, we compared our
results against a “naiv̈e” model, which does not account for
cross-reactivity, by applying our confidence interval and linear
programming framework to a basic Langmuir binding
equation. The naiv̈e model consistently overestimated the
concentration of kyn in the presence of the interferent xa
(Figure 2i, blue; SI Table S3). In fact, the naiv̈e model only
predicted an accurate concentration range for kyn at the lowest
concentration of xa. Even then, the range of feasible kyn
concentrations was skewed toward higher values, with a log
error range of −0.02 to 0.10. With increased [xa], the naiv̈e
model predicted narrow concentration ranges that are
misleading and highly inaccurate since the lower bounds of
these ranges consistently exceeded the true concentration. The
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naiv̈e model’s quantitative predictions increasingly differed
from reality with upper and lower bound log errors of 0.01 to
0.69. In contrast, by accounting for cross-reactivity, our model
was able to calculate a range of kyn concentrations that were
accurate even in the presence of extremely high [xa]. For
samples with xa concentrations below 100 μM, the calculated
ranges were also very narrow, with largest lower and upper log
errors of −0.05 and 0.18 (Figure 2i, orange; SI Table S4). For
the samples with >100 μM xa, these ranges became much
wider, with the upper end of the log error extending out to
0.44 and with no lower bound for the sample with 316 μM xa.
Despite the wider ranges calculated for these high concen-
trations, it is important to note that our model predictions still

reliably encompassed the true concentration of kyn, in contrast
to the fully inaccurate predictions of the naiv̈e model.

We then deployed our framework to quantify kyn in a
complex environment of 10% filtered human serum. To
measure known concentrations of xa for verification, we spiked
in exogenous xa at various concentrations. Under these
conditions, the fitted binding curves for SK1 yielded KD values
of 1.22 mM and 13.6 mM for xa and kyn, respectively (SI
Tables S5−S6). XA1 exhibited KD values of 29.9 mM and 2754
mM for xa and kyn, respectively. We note that these KD values
are roughly an order of magnitude higher than those measured
in buffer. Such an increase in KD is unsurprising given the
addition of complex media in the absence of assay design
optimization. For our quantification experiments, we prepared

Figure 3. Using range of quantitation (ROQ) to predict assay confidence intervals. (a) Discretized ROQ heatmap for kyn in an assay with SK1 and
XA1, with an estimated CV of 0.2 and bg of 0.01. Labels for each red cross or circle indicate figure panel number for their respective L-curves.
Samples 3b and 3c are off the grid at 0.01 mM kyn, and have a ROQ of >3. (b−g) Overlapping confidence interval curves from SK1 (red) and XA1
(orange) for various mixtures of kyn and xa, with actual analyte concentrations indicated by a red circle. (h, i) Concentration ranges predicted for
kyn using h, our method or i, the naiv̈e assumption of specificity. Actual concentrations are marked with red circles. Arrows indicate which
condition produces a given bar range when xa concentrations are the same and would otherwise produce overlapping bars. Exact values presented
in SI Table S4. (j−l) Revised ROQ heatmaps simulating conditions in which (j), the bg or (k), the CV are reduced by 50%, or (l), in which the
number of replicates is increased from three to five showcasing decreased ROQ.
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samples of 9 mM kyn spiked into 10% serum with xa
concentrations ranging from 10 μM to 1.2 mM. As shown in SI
Figures S7−S8 and SI Tables S7−S8, we observed similar
trends as in buffer, with the naiv̈e model providing acceptable
kyn quantification at low concentrations of xa, but estimating
misleadingly high ranges for samples with higher concen-
trations of xa that does not encompass the true kyn
concentration (4/8 samples provided correct concentration
ranges). In contrast, our model generally performed well across
different spiked concentrations of xa, with 7/8 samples yielding
correct concentration ranges. These results demonstrate that
our method generally produces similar log errors in
quantification with a nonoptimized assay performed in diluted
serum to those obtained in buffer.
For both buffer and serum, the range of quantification

increased with xa concentration. The wide quantification
ranges provided for these higher xa concentrations are a result
of fundamental limitations of the affinity reagents and assay
design, and not of our framework3. We delve into predicting
when such quantification ranges will be narrow, and how
quantification can be improved in the following section.

A Model for Predicting the Range of Quantification
for Assays. Our experimental results above demonstrate that
we can achieve narrow quantification ranges within a certain
regime of analyte concentrations given a particular set of
affinity reagents. However, outside this regime, the quantifica-
tion ranges become much wider and thus less useful despite
being technically accurate. Here, to better understand what
cases produce narrow or wide ranges of quantification (ROQ),
we have developed an ROQ metric to determine how tightly
constrained the overlap of the confidence intervals is. We
furthermore demonstrate how we can use such ROQ
predictions to rationally improve quantification.
The ROQ will increase as an affinity reagent approaches

saturation or when the signal output from the analyte is close
to the assay’s background. These boundaries are highly
dependent on the coefficient of variance (CV) and background
variance (bg) of the assay, and can thus be predicted without
explicitly running experimental samples for every likely
concentration. To predict the ROQ for a given set of affinity
reagents and expected analyte concentrations, we can employ a
three-step procedure. First, we use eq 15 to calculate the
expected measurement signal for si̅ given a set of analyte
concentrations. This makes the implicit assumption that our
simulated measurements are centered around the true noise-
free readout. Next, we estimate the sample noise standard
deviation SDi from eq 20. This can be established with
experimental data by estimating the noise standard deviation
from binding curve measurement replicates. Signal noise is in
part a product of bg, but is also expected to increase relative to
the signal magnitude with a given CV. Consequently, we
updated SDi to be a function of CV and bg (see Materials and
Methods section for more details). These variables could be
determined by either literature search or, in some cases,
empirically using binding curve data.
Finally, we apply our model to the simulated values of si̅ and

=s ti
SD

R
i to calculate the upper and lower bounds for each

analyte-affinity reagent pair, which we then convert to the
estimated ROQ. We define the ROQ based on the upper and
lower bounds of the quantification range, where ROQ =
log10(upper bound) − log10(lower bound), such that an
increase in ROQ by one translates into a quantification

range that is wider by 1 order of magnitude. A “good”
numerical value for ROQ depends on the use case, but in
general, an ROQ of 0.5 indicates that the true value lies within
a 0.5 order of magnitude window (if the range encompasses
it), which is generally accepted as good quantification. In
contrast, a ROQ of three indicates a window that spans 3
orders of magnitude, which is typically not useful in the
context of physiological concentrations of biological molecules.

We can plot the predicted ROQ as a heatmap for each
intended analyte. Using this method, we simulated ROQ
heatmaps for kyn in our example system (Figure 3a), where we
estimated CV and bg based on the normalized binding curve
and analyte-free control experimental data. Next, we compared
how well our predicted quantitative performance matches real-
world measurements. We previously observed that samples
with lower concentrations of xa had a low ROQ for kyn,
indicating superior quantitative precision (as in those from
Figure 2d−f), while samples with higher concentrations of xa
(as in those from Figure 2g, h) had a wider ROQ. We observe
such is the case in the predicted ROQ (Figure 3a, red crosses,
numbers referring to the samples experimentally tested in
Figure 2). To more extensively validate this heatmap, we also
experimentally tested a broader range of samples with
conditions including extremely low [xa] and [kyn], high [xa]
and low [kyn], or higher [kyn] than was previously tested
(Figure 3a, red circles). The overlapping signal curves from our
two affinity reagents for each of these additional experiments
are shown in Figure 3b−g, and the respective lower and upper
bounds of quantification are shown in Figure 3h,i for our
model and the naiv̈e model, respectively.

For samples with very low concentrations of kyn (Figure
3b,c), our model predicts a large ROQ > 3, which is accurately
reflected experimentally by the very large confidence intervals
(Figure 3h). This is because the background noise overwhelms
the signal at such low concentrations. For samples with low
concentrations of xa, and higher concentrations of kyn (Figure
3d), our model predicts a ROQ < 0.5 for kyn. Our
experimentally derived confidence interval again confirms
this, with good quantitative precision (Figure 3h). Likewise,
with high [kyn] and slightly higher [xa] (Figure 3e), our
experiment confirmed the model’s prediction that we would be
able to quantify kyn with ROQ < 0.5, yielding a very narrow
confidence interval that is slightly off from the true

concentration. We note, however, that the %CV ·( )100% SD
s

i

i

in the replicate SK1 signals for the mixture shown in Figure 3e
is more than 1 order of magnitude lower than the average %CV
for all mixed samples (2.8 vs 0.1%). This discrepancy suggests
the possibility of measurement error leading to failure to
accurately capture the true concentration. At higher concen-
trations of xa (Figure 3f), our model predicted an ROQ
between 0.5 and 1.0, which is reflected in the slightly wider
experimentally derived ROQ. Accordingly, we anticipated that
further increasing [xa] would greatly reduce the sensitivity of
the signal output of SK1 to kyn (Figure 3g), with a predicted
poor ROQ > 3�a result we confirmed experimentally in the
previous section. Importantly, all of the experimentally
calculated concentration ranges still encompass the true
concentration even when the expected ROQ is broad, with
the exception of the condition shown in Figure 3e (which, as
explained above, is likely attributable to experimental error). In
contrast, the naiv̈e model generally produces deceptively
narrow ROQs, but these only encompassed the true
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concentration in four out of 11 samples (Figures 2i, and 3i), all
of which represent cases where cross-reactivity has a much
lower effect (low [xa] and medium-high [kyn]).
These results show that our ROQ heatmaps accurately

predict the experimental results in terms of quantitative
precision, and should thus offer a robust tool for informing
design decisions for assays. For example, our model can help in
determining the maximum allowable noise that an assay can
have to deliver reasonable precision at the analyte concen-
tration range of interest. The ROQ heatmap in Figure 3a
shows that a sample with 2.8 mM kyn and 100 μM xa (the
condition shown in Figure 3f) falls at the edge of zones
describing ROQ of 1 and 1.5 orders of magnitude. If the goal is
to bring the ROQ below <0.5 for this analyte concentration,
we can use our model to estimate how much the CV or
background needs to be decreased to achieve this. As an
exercise, we have simulated how the ROQ heatmap shifts when
the bg is lowered by a factor of 2 (Figure 3j), when the CV is
lowered by a factor of 2 (Figure 3k), or when the number of
experimental replicates is increased from three to five (Figure
3l). These results show that reducing the background standard
deviation by 50% minimally changes the predicted ROQ for
this sample, whereas lowering the CV by 50% shifts the ROQ
to the desired range of 0.5. This suggests that assay design in
this case should prioritize the identification of opportunities to
reduce the CV�for example, by implementing more stringent
washing or referencing steps, depending on the assay.4

Alternatively, keeping the assay the same but running more
sample replicates also greatly improves the ROQ for the same
sample.

■ CONCLUSIONS
In this work, we present a mathematical framework to enable
the use of cross-reactive reagents for molecular quantification.
We achieve this by using multiple affinity reagents with distinct
analyte-affinity profiles alongside a generalized equilibrium-
based model. For robustness, we also incorporated noise
profiles into the framework to output a range of analyte
concentrations that consistently encompass the true analyte
concentration regardless of the concentration of interferent
analytes.
We validated our theory with a proof-of-concept experiment

focusing on quantifying kyn, a molecule for which no specific
affinity reagents are available. Our framework provided tight
quantification ranges that consistently contained the true kyn
concentration under a range of conditions with varying
concentrations of the cross-reactive analyte xa. We were also
able to replicate this performance with samples prepared in
10% human serum, highlighting the stability of our framework
in complex media, even with an unoptimized assay. Notably,
even when the concentration of xa was so high that the assay
sensitivity dropped considerably, the calculated range still
encompassed the true concentration. The calculated range in
these scenarios was very large, but this is less misleading and
more informative than incorrectly predicting a tight range that
does not encompass the true concentration. This also
highlights the importance of providing a range of concen-
trations rather than a single value for quantification. In
contrast, a conventional Langmuir-based model that does not
account for cross-reactivity consistently overestimated the kyn
concentration, even as it generated a deceptively narrow ROQ
using our noise estimates. We have also demonstrated how to
derive the ROQ metric for a given assay based on a limited set

of experimental data, which enables the design of molecular
detection assays that are better optimized for analyte
quantification within an expected concentration range. Finally,
to scale the framework beyond the examples shown in this
work, we have provided generalized solutions for an arbitrary
number of analytes and reagents, as well as potential methods
for handling different cross-reactivity scenarios in an
experimentally tractable manner (see SI).

Our framework expands the set of affinity reagents that can
potentially be used to achieve accurate quantification to
include historically ’suboptimal’ cross-reactive affinity reagents.
This robust schema yields well-defined bounds of quantifica-
tion that make it easier to assess the quality of assay results and
determine conditions under which assay performance is likely
to break down (even in cases of guaranteed specificity). In this
proof-of-concept work, we experimentally demonstrate only
the scenario of two reagents binding to two analytes. Next
steps would be to demonstrate the application of our
generalized theory to the case of binding to multiple reagents
and analytes. Furthermore, we would want to test when our
theory breaks down and what parts of our models need to be
updated. To aid in scaling up to more reagents and analytes,
our framework could be revised to resolve analyte concen-
trations in more complex, non-Langmuir 1:1 binding models�
for example, affinity reagents with multiple binding sites or
scenarios in which the concentration of one affinity reagent or
one analyte concentration is no longer guaranteed to be in
excess of the other. To achieve this, the assays could be first
run to generate the necessary data to understand the relevant
binding interactions. If the binding interactions break
assumptions stated in the methods, the generalized binding
equation can be updated to resolve such physical changes.
Furthermore, if nonlinearities are introduced into the binding
equations, our specific method of solving the equations with
linear programming could be changed to use other
optimization solutions such as Bayesian estimators and more
common optimization techniques like maximum likelihood
estimation. Currently, this framework relies on a limited set of
published cross-reactive affinity reagents, even though
thousands of such reagents are typically screened but
unpublished in the search for highly selective binders. If
integrated into the affinity reagent selection process, our
framework could leverage this broader pool of data to guide
the design of reagent sets with tailored cross-reactivity profiles.
This would enable more accurate quantification of analytes
within their expected concentration ranges, while reducing the
burden on selecting only highly specific reagents. When we
have access to larger data sets of cross-reactive reagents, the
model could be used to select an optimal subset that minimizes
ROQ within a target analyte concentration range. This
capability provides a data-driven approach to assay config-
uration, further reducing dependence on highly specific
reagents and enabling more flexible, quantitative assay designs.

In conclusion, this work provides a proof-of-concept
framework for repurposing the many existing cross-reactive
affinity reagents to develop molecular detection assays that can
achieve greater quantitative accuracy in complex samples, and
thus could inform a reassessment of what constitutes a
‘successful’ affinity reagent selection process.
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■ ADDITIONAL NOTES
1Notation explanation: We use the notation by Boyd and
Vandenberghe.20 The indices are defined as follows: k is the
fixed index of the target analyte whose bounds we are querying,
j is a variable index over the analytes, i is a variable index over
the readouts.
2As the number of cross-reactive analytes increases, the exact
handling of the analytes must change for experimental
tractability. We provide potential methods to handle three
cases of cross-reactivity�high, low and constant cross-
reactivity�in the SI.
3As the concentration [xa] approaches the KD of SK1 for xa
(KD

1,2 = 0.13 mM), the sensitivity of SK1 to [kyn] drastically
drops. In SI Figure S1, we show that even with perfect
knowledge of [xa], this drop in sensitivity forces the range of
kyn quantification in this regime to be very large. This is also
generally observed in the binding curves with increased T2 as
previously depicted in Figure 1b.
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